Abstract: We show theoretically as well as experimentally that the Gouy-phase shift, which depends on the exact positioning of a sample in relation to the focus of a probe beam in a pump-probe experiment, may have a pronounced effect on the shape of the pump-probe signal. The effect occurs only when singlecycle probe pulses are used, i.e. when the slowly varying envelope approximation breaks down, while it disappears for multi-cycle pulses. The effect is thus most relevant in THz time-resolved spectroscopy, where such single cycle pulses are most commonly used, but it should not be overlooked also in other spectral regimes when correspondingly short pulses are involved. Abstract: We show theoretically as well as experimentally that the Gouyphase shift, which depends on the exact positioning of a sample in relation to the focus of a probe beam in a pump-probe experiment, may have a pronounced effect on the shape of the pump-probe signal. The effect occurs only when single-cycle probe pulses are used, i.e. when the slowly varying envelope approximation breaks down, while it disappears for multi-cycle pulses. The effect is thus most relevant in THz time-resolved spectroscopy, where such single cycle pulses are most commonly used, but it should not be overlooked also in other spectral regimes when correspondingly short pulses are involved.
Introduction
Over the last two decades, there has been a tremendous development in THz technology [1] [2] [3] [4] in different areas of science in both spectroscopy [5, 6] and imaging [7] [8] [9] . Optical pumpTHz-probe spectroscopy has been widely applied to study e.g. the ultrafast carrier dynamics in various materials [10] [11] [12] [13] [14] [15] [16] , phonon dynamics [17, 18] and other excitations in strongly correlated materials [19, 20] , as well as low frequency vibrational dynamics in molecular liquids [6, 21, 22 ]. Short THz pulses change spatially and temporally as they propagate through a measurement setup [23] . One such important process is the Gouy phase shift [24, 25] . That is, when a laser pulse travels through a focus, it experiences a phase shift from +π/2 before the focus, 0 in the focus, and -π/2 after the focus, and in fact THz pulses have been used elegantly to visualize the effect [26] [27] [28] [29] [30] . It is widely recognized that the Gouy phase shift may play a role in nonlinear optics [31, 32] as well as in nonlinear spectroscopy, e.g. when phase-sensitive heterodyning is applied [33] . In the present paper, we demonstrate that the Gouy phase shift can also have a pronounced effect on the outcome of optical pump-THz-probe experiments. Despite the fact that many such experiments have been performed in the past [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] , we are not aware of any discussion of that effect.
We consider a prototype optical-pump-THZ-probe experiment as schematically shown in Fig. 1 . A short THz pulse is generated by optical rectification in a non-linear crystal, imaged by some imaging optics onto the sample, where it is overlapped with an optical pump-pulse, and the generated 3rd-order field E (3) (t) is imaged onto the detection crystal. The nonlinear interaction in the sample can be describe by the usual convolution of the laser pulses with a system response function R(t 1 ,t 2 ):
with I pu (t) = |E pu (t)| 2 the intensity profile of the pump pulse. Deducing the system response function R(t 1 ,t 2 ), which is ultimately what we want to measure, effectively requires a deconvolution of the measured field [13, 34, 35] , which in turns requires that we very accurately know the THz pulse E T Hz (t) at the sample position including its phase. This is where the Gouy phase shift comes into play. In a idealized realization of Fig. 1 , the Gouy phase shift would not matter since both generation and detection crystal as well as the sample are in the focus of the imaging optics and typically are thin, so the Gouy phase is the same apart from alternating minus signs in all three positions. However, since one wants to achieve high intensities of the pump-light in the sample to explore its pump-probe response, the THz pulse is often imaged with high-aperture optics to achieve a small focus. The Gouy phase changes on a scale that equals the Rayleigh length, which in turns is of the order of the wavelength of the THz light if the aperture approaches 1. Consequently, the positioning of the crystals and the sample is critical within a few 100 µm for a typical THz experiment. While the alignment of the crystals can easily be checked by measuring the Gouy phase of the THz pulse itself (which also enters the detection crystal), the exact positioning of the sample in between is less easy to determine.
One is tempted to assume that the exact positioning of the sample does not matter, since a "wrong" Gouy phase in E T Hz (t) is compensated by the corresponding Gouy phase that the emitted field accumulates on its way from the sample to the detection crystal. Gouy phase is a propagation effect, whose explanation requires the solution of the 3D Maxwell equations, it can be described by adding a phase φ to a propagating field in a 1D description. Hence, one might think that one can add a phase factor e iφ to the input THz pulse in Eq. (1)
which of course can be pulled in front of the integral, and hence would cancel with a compensating phase e −iφ for the emitted field. However, physical electric fields are real-valued. Using complex electric fields is a mathematical trick that simplifies many calculations, but is rigorously correct only as long as linear optics is considered. Despite the fact that the THz field E T Hz (t) enters in Eq.
(1) in a linear fashion, the operation as a whole is nonlinear, which can be seen from the fact that the multiplication with a potentially much shorter pump-pulse I pu (t) can generate new frequency components in P (3) (t). Adding a phase factor in Eq. (2) inevitably results in a complex field which can be done only in certain limits. For very short pulses, it is no longer meaningful to write them as an envelope times a carrier frequency:
which can be seen for example from the fact that such a pulse would have a non-vanishing amplitude at zero frequency (i.e. a DC component, which it cannot have in the far-field) whenever the time duration of E 0 (t) gets in the same order of magnitude as 1/ω 0 . Consequently, one can also not introduce a phase by simply writing:
Alternatively, one may use a close analog of the Hilbert transformation to do so (while the common definition of the Hilbert transformation transforms a real field into its imaginary counterpart ℜE(t) → ℑE(t), we consider here the transformation of the real field into the complex field ℜE(t) → ℜE(t) + iℑE(t)). That is, the field is Fourier-transformed into the frequency domain, the negative frequencies are zeroed, and the field is Fourier-transformed back into the time-domain, which will result in a complex-valued representation of the field (in the following we will use a tilde to indicate a field is complex). The phase factor may then be added and the real part be taken:
where Θ(ω) is the Heaviside step function. Not that this sequence of operations is not equivalent to Eq. (4), if the slowing varying envelope approximations doesn't apply.
The operations Eq. (1) and Eq. (5) do not commute. If they would commute, then one could first transform E T Hz (t) into a complex fieldẼ T Hz (t), plug it into Eq. (1) including the phase factor e iφ , add a phase factor e −iφ to the generated 3-order polarizationP (3) (t) in order to describe the compensating Gouy-phase, which then would cancel:
The correct treatment of the problem first transforms E T Hz (t) into a complex fieldẼ T Hz (t), adds a phase factor, but then plugs only the real part ℜ(e iφẼ T Hz (t)) into Eq. (1), and finally repeats the compensating phase shift for P (3) (t):
Both lines of operations do not necessarily reveal the same result.
It is instructive to see in the next section why and how a "wrong" Gouy phase is indeed compensated in linear response. We will furthermore show that a Gouy phase is still compensated also in a pump-probe response as long as multi-cycle pulses are used, which is why this problem is not relevant for most applications of femtosecond spectroscopy. However, in THz pump-probe spectroscopy, where single-cycle pulses are most common, the Gouy-phase has to be taken into account for a quantitative interpretation of the data. To that end, we will show both theoretically and experimentally that the outcome of a optical-pump-THz-probe experiment does in fact depend on the exact position of the sample relative to the focus.
Linear response
In the most simple approximation, linear response is described as:
As the integral is a convolution of 1D functions, the convolution theorem applies and it is advantageous to treat the problem in frequency domain:
whereẼ(ω) andR(ω) are the Fourier transformations of the corresponding functions in Eq. (8) . Along the lines of Eq. (5), the negative frequencies are then zeroed:
All operations in Eq. (10) are simple products in frequency domain that of course do commute, and hence they will also commute in the time domain. Consequently, the equivalents of Eqs. (6) and (7) do indeed reveal the same results and a Gouy phase in the input field will be compensated by that of the emitted field, so the measured linear response does of course not depend on the exact positioning of the sample in the focus in Fig. 1 . It should however be added that when including the fact that a THz pulse undergoes multiple reflections at the sample surfaces, then different terms with changing Gouy phases add up (an effect that goes beyond Eq. (8)) and the Gouy phase has in fact a subtle effect even on the linear response [36] . This is yet another effect of the Gouy phase on spectroscopy that is however distinctively different from the one discussed here. (14), black) and with negative frequencies zeroed (blue). (b) Fourier transformation of the pump pulse intensity profileĨ pu (ω) (Eq. (15)). (c) ConvolutionẼ T Hz (ω) ⊗Ĩ pu (ω) and (d) convolution with zeroing negative frequencies of the THz pulseẼ T Hz (ω) before the convolution (blue) and after the convolution (red). The pump-probe delay between the center of both pulses was set to t pp = 0.
Pump-probe response
To simplify matters, we first consider a system response function that is faster than any other timescale of the system (e.g. a polarisibility that is exclusively electronic), so that it can be approximated as a δ -function:
In this case, Eq. (1) reduces to:
It is a simple product in time domain, so it will be a convolution in frequency domain:
Note that hereĨ pu (ω) is the Fourier transformation of the intensity profile of the pump pulse, and not that of its field, and thus it is centered around ω = 0. Figure 2 shows the result of that convolution for a typical situation in a THz pump-probe experiment. To that end, we assumed a half-cycle THz pulse (see Fig. 3 , top-middle panel):
where τ 1 = 150 fs is a measure of the pulse duration (the pulse is constructed as the timederivative of a generating Gaussian pulse together with a π/2 phase shift). For the pump pulse, we assumed a Gaussian pulse:
with τ 2 =70 fs. Figure 2(a) , black, shows the spectrum of the resulting THz pulseẼ T Hz (ω), Fig. 2(b) that of the pump pulse intensity profileĨ pu (ω) and Fig. 2 
(c) the convolution Eq. (13).
Applying the Hilbert transformation after the convolution, which simply zeros the negative frequencies ( Fig. 2(d) , red), obviously gives a different result as compared to applying the Hilbert transformation before the convolution. The latter is shown in Fig. 2(d) , blue line, which results from the convolution of the blue line in Fig. 2(a) with Fig. 2(b) . In other words, the Hilbert transformation and the nonlinear interaction in Eq. (1) do not commute: Figure 3 shows the effect of a Gouy phase for a hypothetical pump probe experiment of a sample with infinitesimally fast response function (Eq. (11)), using Eqs. (12) , (14) and (15) together with
which connects the emitted 3rd-order field to the 3rd-order polarization in the most simple case when dispersion and absorption can be neglected and the process is quasi-phasematched [13, 34, 35] . In addition, a Gouy phase φ is added along the lines of Eq. (7). These plots can be considered to be the instrument response of such an experiment. Identical responses are obtained for Gouy phases φ = +π/2 and φ = −π/2, which however clearly differs from that for φ = 0. It should be noted that the effects are the stronger the shorter the pump pulse duration is compared to the THz pulse duration. If, on the other hand, we write the probe pulse as a carrier wave times a pulse envelope:
with ω 0 = 20 THz (and leave the pump pulse as in Eq. (15)), the situation shown in Fig. 4 is obtained. In this case, the positive frequency and negative frequency contribution ofẼ T Hz (ω) do not overlap withĨ pu (ω), which is centered around ω = 0, and Hilbert transformation and the nonlinear interaction in Eq. (1) do commute to a very good approximation (compare red and blue line in Fig. 4(d) , which is hardly different):
In this case, a Gouy phase in the input field will be compensated by that of an outgoing field since Eq. (6) would be correct. We see that it is the spectrum of a typical THz pulse that covers all frequencies down to zero, or in other words, the break-down of the slowly varying envelope approximation, that makes the difference to "normal" femtosecond spectroscopy. Finally, we consider a general response function that is not necessarily infinitesimally fast. To that end, we start with an auxiliary function
which is in fact a 2D convolution of the response function with the laser pulses. Hence, we again can switch to the frequency domaiñ
The fact that we need to evaluate P (t ,t ) only for t = t , P(t) = P (t,t), is equivalent tõ
in the frequency domain. This expression is tedious to visualize, but in essence the argument of Fig. 2 versus Fig. 4 remains.
Experimental verification
To demonstrate the effect of the Gouy phase on the outcome of a concrete pump-probe experiment, we use the Raman-pump-THz probe response of water as an illustrative example. The relevance of such an experiment for water structure and dynamics has been explored in detail in a separate publication [37] . To give a brief motivation of that experiment, a first Raman interaction induced by a 800 nm pulse excites a coherence in low-frequency intermolecular modes of the hydrogen-bonded water network that is switched into another coherence by the subsequent THz pulse and finally read out by the emission of a THz field. The experiment has been termed 2D-Raman-THZ-probe spectroscopy, as it allows one to measure correlations among the various degrees of freedom of water, and indeed, a very short lived THz photon-echo has been observed. In Ref.
[37] a full 2D data set in analogy to Fig. 3 has been measured, while we show here only 1D scans along the pump-probe delay time t pp with the detection time t kept fixed to the position where the signal is maximal.
The experiment was performed with a optical-pump-THz-probe setup that is similar to many such implementations described in the literature [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] , and that is introduced in detail in Ref. [37] . In brief, a half-cycled THz pulse was generated in a 100 µm GaP [110] crystal by optical rectification [3, 4] and was imaged by a single home-machined elliptical mirror (2 f =83 mm) onto a 40 µm thick water jet, which was pumped by an intense 800 nm pulse through a non-resonant Raman process. Due to the high-aperture of the elliptical mirror (A ≈ 1 ), the THz pulse could be focused in a transform-limited manner onto a spot of diameter ≈ 240 µm. The generated 3rd-order field was imaged by another elliptical mirror onto a second GaP crystal for electro-optical sampling. The beam size of the Raman-pump pulse (diameter 300 µm) was adjusted to match that of the THz pulse in the focus. Due to its much shorter wavelength, the beam size can be considered to be essentially constant in the range around the focus which is relevant for the present discussion. Alternatively, the detection crystal was put at the sample position to measure the input THz field E T Hz (t) directly. In that case, the positioning of the detection crystal relative to the water jet was measured with the help of a confocal chromatic measurement sensor (ConfocalDT, micro-epsilon) that provides a few micrometers resolution. Figure 5 , top row, shows the input THz pulse at various positions relative to the focus from z=-500 µm to z=500 µm, where we assumed the focus z=0 µm to be the position where the pulse is symmetric (the displacement z is defined in Fig. 1 ). As we move away from the focus in both directions, the phase of the THz pulse changes. The red lines in Fig. 5 , top row, show the THz pulses measured at the various positions, while the black dotted lines take the pulse at z=0 µm and add a phase φ that was varied to give the best match with the red lines. As can be seen, a simple phase shift can very well describe the Gouy phase of the THz pulse as the crystal is moved through the focus. Between z=-500 µm to z=500 µm, the Gouy phase changes from ≈ 0.3π to ≈ −0.3π. The fact that a simple Gouy phase shift can indeed describe the effect of moving the detection crystal through the focus quite well proves that effects of a changing frequency-dependent overlap between pump pulse and the THz probe pulse do play only a minor role, owing to the high-aperture THz optics (red and black dotted lines in Fig. 5 would match exactly if the spectral amplitude would not change at all.) Figure 5 , bottom row, shows the effect of the Gouy phase shift on the resulting Raman-pumpTHz-probe signal. Between the various measurements of Fig. 5 , bottom row, nothing has been touched in the experimental setup except of the crystal or the jet that has been moved by the indicated distance. As a trivial result, when the water jet is moved off-focus, the signal size diminishes due to the smaller spatial overlap between pump and probe pulses. More importantly, however, the shape of the response changes quite a bit, significantly more than the small deviations between red and black dotted lines in Top panels: THz pulses (red) at various positions relative to the focus from -500 µm to +500 µm. The phases φ of these pulses have been estimated by taking the pulse at z=0 µm and adding a phase that has been varied to give the best fit (black dotted lines). Bottom panels: Raman-pump-THz-probe signal from water at various z-positions in dependence of pump-probe delay t pp between the peaks of the Raman-pump and the THz probe pulse. The detection time t was kept fixed at 50 fs relative to the peak of the transmitted THz pulse, where the signal is maximal. a quite sharp response is found at z=0 µm, the signal at z=-500 µm might be misinterpreted as relatively slow decay. Interestingly, it is these z=-500 µm data which exhibit the slowest decay, despite the fact that the THz pulse is slightly shorter (Fig. 5 , top row) due to a somewhat smaller overlap of the lower frequency components when being off-focus. Hence the effect is opposite to what would be expected if a frequency-dependent overlap would be the origin.
Despite the fact that the Raman-pump-THz probe response of water includes a relatively large instantaneous contribution, originating from the electronic polarisibility and fast librational motions, the cuts in Fig. 5 , bottom row, cannot be directly compared to Fig. 3 , because slower components from hydrogen bond rearrangements exist in the water response function as well [37] . Nonetheless, Fig. 5 , bottom row, clearly shows that the exact positioning of the sample does matter for the outcome of optical-pump-THz-probe experiments, for the reasons discussed in the previous section.
Discussion and conclusion
The Raman-pump-THz probe response of water is quite short lived [37, 38] . That is, the response function R(t 1 ,t 2 ) in Eq. (1) indeed adds new frequency components to the emitted THz field that might not be present in the input field E T Hz . This is the situation when the effect discussed in this paper is most relevant. When the response function varies slowly, then Eq. (1) represents a quasi-linear response which does not change during the duration of the THz pulse, in which case effectively the situation described in Sec. 2 would apply.
In conclusion, we discussed the effect of the Gouy phase on optical-pump-THz-probe experiments. In particular when high-aperture imaging optics is used, great care should be taken to precisely position the generation and detection crystals as well as the sample in their corresponding foci, in order to avoid severe perturbations of the measured signal. We have shown that the effect is related to the single-cycle pulses typically used in THz spectroscopy, whose spectral width is comparable to their center frequency, so that they span everything down to zero frequency. The effect is not relevant in most pump-probe studies in the visible or mid-IR spectral range, where typically multi-cycle pulses are used. But when very short pulses are employed in attosecond spectroscopy [39] [40] [41] , or in the visible [42] [43] [44] or mid-IR [45, 46] spectral range, the effect should not be overlooked.
